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Abstract 
 

This paper provides an analytical and systematic approach to determine the optimimum pitch by utilizing a thermal 
resistance network, under the assumption of constant luminous efficiency. This work allows a LED array design 
which is mounted on an organic or metal-cored printed circuit board (PCB) attached with a heat sink subject to the 
natural convection cooling. For demonstration, the methodology is applied for the design of a LED tube for the 
drop-in replacement of a 4ft T8 fluorescent lamp. Being validated by finite element (FE) models, the current 
approach can be shown an effective and efficient one for the determination of an optimal component spacing in a 
LED array assembly for SSL. 
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Introduction 
 

The use of high power light emitting diode 
(LED) for solid state lighting (SSL) has become a 
tangible reality. Some commercial products have 
appeared in the market nowadays. Nevertheless, there 
are still quite a number of technical issues to be 
addressed in practice. One major issue encountered in 
this field comes with the decision in the spacing 
(pitch) between LEDs for optimum cost, optical and 
thermal performance. Utilization of high power LED 
usually accounts for a major portion in the cost for 
manufacturing a lighting system. The number of 
components employed thus directly affects the selling 
price of the product. A smaller number is favored for 
cost reduction. But this scheme requires each of them 
to take more power in order to achieve a desired lux 
level, which intensifies power concentration in the 
system. From the thermal performance point of view, 
this not only raises the thermal burden of each LED, 
the efficiency of heat dissipation from the system 
surface is also reduced. For optical performance, the 
efficacy degrades with power concentration, and the 
degradation gets deteriorated with the worsened 
thermal performance. Therefore, there exists a trade-
off between cost and the system performance, and 
there requires an optimum spacing to achieve the 
compliance. 

People may have overlooked two issues 
when they come to evaluate the performance of a 

LED array. First, despite the array is formed by 
individual LEDs, the performance of individual 
devices are confined by the global design parameters, 
such as the number of LEDs, design of the PCB and 
the heat sink configuration. An array bears efficient 
LEDs does not necessary to perform better than one 
composes of cheap devices. Second, the thermal and 
optical performance are coupled with each other. 
LED thermal analysis would be meaningless without 
optical consideration. There are few literatures focus 
on the design of a LED array. Rather, more 
discussion can be found regarding the thermal 
management [1,2]. Petroski has studied numerically 
the effect of pitch, dielectric layer thickness, copper 
layer thickness and the boundary condition 
temperature on the thermal performance of a LED 
array which is mounted on a metal-cored PCB [3]. 
With using a design of experiments methodology, he 
is capable to formulate the relative significance of the 
parameters on the maximum temperature of the array. 
Christensen and Graham have developed numerical 
model and thermal resistance network to study the 
effect of pitch, power level, cooling method, package 
material and architecture on the thermal performance 
of a LED array which is mounted on an aluminum 
heat spreader [4]. They have also utilized a 
degradation model to evaluate the optical 
performance of the array as a result of power and 
thermal concentration. 
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Differing from the fore-mentioned studies, 
which focus on the effect of various parameters on 
the thermal performance of a pre-designed LED array 
(with fixed number of LEDs), this paper devotes to 
the design of a array such that its desired optical 
performance (luminous flux) can be preserved. In 
addition, the luminous efficiency is accounted such 
that a more realistic thermal analysis can be achieved. 
The present study is divided into three parts. The first 
part derives a thermal resistance network for a LED 
array which is mounted on an organic or metal-cored 
PCB attached with a heat sink subject to the natural 
convection cooling. The second part outlines the 
procedures for the determination of an optimum 
pitch. In the last part the methodology is 
demonstrated for a LED tube design for the drop-in 
replacement of a 4ft T8 fluorescent lamp. The 
thermal results perdicted by using the network are 
compared with those obtained by FE models for the 
sake of validation. 
 
1. Thermal Analysis 
 
Description of Methodology 

Assuming the desired luminous flux is 
uniformly borne by the array of LEDs such that the 
thermal loading of each device is identical, the 
thermal analysis of the array can then be simplified 
into a unit cell analysis. Figure 1 depicts an array 
with a pitch equal to a [m] and Figure 2 shows a 
thermal analysis of the corresponding unit cell. The 
unit cell may be divided into three sections: the LED 
section, the LED footprint section (footprint section) 
and the heat spreading section (spreading section). 
Assuming there is no heat being transferred through 
the top of the LED such that all of the heat generated 
is conducted into the footprint section [8], there 
remains two pathways for heat dissipation. The first 
one, a shorter one, is all the way through the PCB, 
thermal interface material (TIM) and the heat sink to 
the bottom surface of the footprint section by 
conduction and then to the ambient by convection. 
The second path works as a fin mechanism. Heat is 
first conducted laterally into the PCB of the 
spreading section. As the thermal energy goes along 
the PCB, some potions are being conducted to the 
surfaces of the spreading section and carried away to 
the ambient by convection. The arrows in Figure 2 
helps to illusrate this heat flow analysis.  

The thermal resistance within the footprint 
section is negligible for metcal-cored PCB. In case of 
organic PCB, the corresponding thermal resistance 
could be reduced to <1K/W with the use of thermal 
vias. For such a small value, the thermal resistance of 
the footprint section could be neglected. As a result, 
we may assume the entire footprint section bears a 

uniform temperature TB [K] from the design point of 
view. The junction temperature on the LED chip TJ 
[K] thus depends on: 1) thermal resistance RJB [K/W], 
as heat flows through the LED and the bonding 
mateial to the footprint section; 2) thermal resistance 
RBA,FP [K/W], as heat being convected to the ambient 
through the bottom surface of the footprint section 
and; 3) thermal resistance RBA,HS [K/W], as heat 
being conducted through the PCB and simultaneously 
convected to the ambient through the surfaces of the 
spreading section. RJB is known since the thermal 
resistance of the LED is given by the supplier and the 
thermal resistance of the bonding material can be 
estimated using simple conduction thermal resistance 
equation [5]: 

 

condcond

cond
cond Ak

LR =                    (1) 

 
where Rcond [K/W] is the conduction thermal 
resistance, Lcond [m] is the thickness of the bonding 
material, kcond [W/m-K] is the corresponding thermal 
conductivity and Acond [m2] is the cross-sectional area 
heat passing through. RBA,FP can be estimated by 
using convection thermal resistance equation [5]: 
 

 

Figure 1. An Array of LEDs with Pitch a 
 
where Rconv [K/W] is the convection thermal 
resistance, hconv [W/m2-K] is the convection 
coefficient and Aconv [m2] is the surface area for 
convection heat transfer. The difficulty remains on 
the determination of RBA,HS, which is discussed in 
detail in the coming session. The heat flow of the 
present thermal analysis can be represented by a 
simple thermal resistance network, as depicted in 
Figure 3. 
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Figure 2. Heat Flow in a Unit Cell 
 

Figure 3. Thermal Network for Thermal Analysis 
 

convconv
conv Ah

R 1
=                   (2) 

 
Use of Circular Fin Model 

RBA,HS can be estimated using a circular fin 
model [6,7] after three transformations.  The first 
transformation requires the calculation of a mean 
convective coefficient h  [W/m2-K], assuming the 
internal resistance of the heat sink is negligible. Let 
hnat [W/m2-K] be the natural convection coefficient 
over both the PCB surface and the heat sink surface. 
If β [ND] represents the ratio between the active 
surface area of the heat sink and the bottom PCB 
surface area, βhnat becomes the effective convective 
coefficient at the bottom PCB surface. h can then be 
calculated as: 
 

( )
2
1

2
ββ +

=
+

= natnatnat hhhh  (3) 

 
The second transformation converts the square unit 
cell into a circular one with radius r2 [m], by 
preserving the unit cell surface area [6]. The unit cell 
surface area equals a2. Therefore, r2 can be found as: 
 

π/2
2 ar =  (4) 

 
The last transformation requires the determination of 
an effective fin thickness tfin [m]. When there is heat 
sink attachment, tfin is approximately the thickness of 
the base of the heat sink. If there is no heat sink 
attached, tfin is about the total thickness of the 
metallic potion of the PCB for heat spreading and 
dissipation. The above definitions assume critically 
low thermal conductivity of the dielectric and TIM 
layers (typically <1W/m-K) such that they provide no 
help for heat spreading in the fin. In addition, these 
definitions assume negligibly thermal resistances of 
the dielectric and TIM layers, which become valid 
under the natural cooling conditions. When metal-
cored PCB is in use, tfin is about the thickness of the 
board. In case of organic PCB, tfin is the total 
thickness of the continuous copper layers [8]. 
Assuming the thickness of each copper layer is tcu 
[m] and the number of copper layers is ncu [ND], tfin 
for organic PCB can be calculated as: 
 

cucufin ntt ⋅=  (5) 
 
After the three transformations, the spreading section 
eventually becomes a circular fin and hence the 
circular fin model applies: 
 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )21112111

21102110
, rKrIrIrK

rIrKrKrIR HSBA αααα
αααα

−
+

Ψ=

 (6) 

with ( )απ finfin trk 12
1

=Ψ and 
finfintk

h2
=α  

 
where I [ND] and K [ND] are modified Bessel 
functions and their subscripts represent the order of 
the functions, kfin [W/m-K] is the thermal 
conductivity of the fin material and r1 [m] is the 
effective radius of the footprint section. For 
aluminum-cored PCB, kfin is the thermal conductivity 
of aluminum kal [W/m-K] which is about 180W/m-K. 
In case of organic PCB, kfin is the thermal 
conductivity of copper kcu [W/m-K] which is about 
390W/m-K. For the situation the footprint section is 
non-circular, r1 can be determined in the same way as 
r2 by area preservation, as demonstrated by Eq. (4). 
 
Parametric Studies 

When the kind of LED is selected, the major 
design parameters remain the pitch between LEDs, 
the PCB design and the heat sink configuration. 
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These correspond to a, tfin and β respectively in the 
present thermal analysis. RJB is independent of all the 
three parameters. RBA,FP depends on β and RBA,HS 
depends on all of them. Since RBA,HS is normally 
dominant over RBA,FP when a is sufficiently large 
such that most of the heat is dissipated through the 
spreading section, the effects of the three parameters 
on RBA,HS are studied. 

The effects of a on RBA,HS for different tfin 
and β are plotted in Figures 4 and 5, by using 
Equation (6). The effect of tfin is carried out using an 
organic PCB composed of different number of copper 
planes, with each plated with 0.5oz thickness. There 
are three major observations from the plots: 1) a is 
critically significant on RBA,HS when it is small (say 
<20mm for ncu=β=2). But its significance reduces as 
it increases; 2) β can effectively reduces RBA,HS, and 
the effectiveness maintains throughout the range of a 
concerned; 3) tfin is only effective when a is 
sufficiently large. 

RBA,HS relies on the surface area of the unit 
cell for heat dissipation, which bears a 
proportionality to the square of a. This accounts for 
the severe drops on RBA,HS when a increases. Yet, the 
efficiency of the surface area for heat dissipation 
declines with its size, hence the diminishing effect of 
a on RBA,HS reduces accordingly. The convecting air 
works with the unit cell surface area for heat removal 
from the system. The larger the convective 
coefficient h  is, the more significant the heat 
removing capability and hence the reduction on 
RBA,HS. Since h  increases directly with β, β 
increment reduces RBA,HS directly for all a. RBA,HS 
depends also on the uniformity of heat dissipation 
over the surface areas, which is governed by the heat 
spreading capability of the PCB. Since copper bears a 
very high thermal conductivity, even thin layer of 
copper sustains a gentle thermal uniformity, the 
effect of tfin becomes minimal for small a. As a gets 
large, the requirement for heat spreading becomes 
severe. The effect of tfin on RBA,HS thus turns 
significant. 

 
2. Optimization 
 
Description of Methodology 

When it comes to design a LED array for 
practical application, the engineering concerns are 1) 
the kind of LED to be adopted; 2) the number of LED 
to be used; 3) the PCB design and 4) the heat sink 
design. The complexity of the decision lies on the 
compliance in cost and optical and thermal 
performance. The optical performance or lumen 
output should not a design parameter. Rather, it is a 
given criteria to serve the functionality of an 

application. The thermal performance correlates to 
the life of the LEDs [9], requires a rigorous and cost-
optimized analysis.  
 

Figure 4. Effect of a on RBA,HS for different β 
 

Figure 5. Effect of a on RBA,HS for different tfin 
 

For a required luminous flux F [lm] to be 
emitted from a confined area A [m2], an array may be 
designed using different kind of LEDs (in terms of 
efficacy and lumen output) with different number 
adopted. Assuming the array is uniformly distributed 
over A with identical LEDs, a larger pitch (hence 
smaller number of LEDs) requires each of them to 
deliver more lumen output and hence bear a larger 
thermal loading. On the contary, smaller pitch (hence 
larger number of LEDs) adoption reduces both 
optical and thermal loading of each device. Since 
there are emission range and maximum allowed 
temperature for LEDs, there forms a design space 
regarding the thermal performance and the pitch or 
eventually the cost of the system. In the following 
sections the procedures for the determination of this 
design space are outlined. Using the design space, the 
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optimized configurations like the lowest cost design 
or the highest thermal performance design can be 
justisfied. 
 
Optical Bounds for Pitch 
Assuming f [lm] is the lumen output of each LED and 
n [ND] is the number of LED used, in order to satisfy 
the functionality of the array, it requires: 
 

nFf /=  (7) 
 
On the other hand, n is related to a by: 
 

2/ aAn =  (8) 
 
Combining (7) and (8), a can be found as: 
 

FAfa /=  (9) 

 
If fmax [lm] and fmin [lm] are respectively the 
maximum and minimum lumen output of each LED, 
the optical bounds for the pitch are: 
 

⎪
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⎩
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Thermal Bounds for Pitch 

TJ depends on the overall thermal resistance 
of the unit cell RJA [K/W], the heat generation of each 
LED q [W] and the ambient temperature TA [K], as 
illustrated in Figure 3: 
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 (11) 

 
If heat is the only form of energy remains after 
luminous emission, q becomes dependent only on f, 
the luminous efficacy ηf [lm/W] and the luminous 
efficiency ηl [ND]:  
 

( )
f

l
fq
η

η−= 1  (12) 

Assuming the maximum ηf for white LED is 
300lm/W at which all of the energy input is 
converted to white light [10], ηl and ηf can be 
correlated as: 
 

300
f

l

η
η =  (13) 

 
Combining Egs. (7), (8), (11), (12) and (13), TJ can 
be evaluated in terms of RJA, TA, F, A, ηf and a: 
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Eq. (14) can be rewritten as: 
 

AqJAJ TIKT +⋅⋅= η  

(15) 
where            
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I [lm/m2] is the luminous intensity required to be 
delivered by the array, which is a given criteria for 
the design practice. ηq [W/lm] is the heat generation 
coefficient of individual LEDs. For the kind of LED 
selected, ηqf tells the amount of heat generation for 
each LED at different lumen output levels. KJA 
[m2K/W] is the luminous-intensity-preserved thermal 
resistance, which determines the thermal 
performance of the array based on different I levels. 
It is clear that KJA is the critical design parameter for 
the thermal performance of a LED array.  

Assuming RJB=11K/W, the effects of a on 
KJA for different β and tfin are plotted in Figures 6 and 
7 respectively, by using Eq. (15) and the parameters 
in Figures 4 and 5. Three major observations can be 
made from the plots: 1) there exists a critical pitch 
aT,min at which KJA attains a minimum. Apart from 
there, KJA increases dramatically with a; 2) β can 
effectively reduces KJA, and the effectiveness 
maintains throughout the range of a concerned; 3) tfin 
is only effective when a is sufficiently large. β and tfin 
exerts similar effects on KJA as those on RBA,HS. This 
results because KJA is composed of RJA, which largely 
depends on RBA,HS. On the other hand, a2, which is 
independent of β and tfin, simply multiplies the effects 
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of the two parameters on RBA,HS to KJA. The minimum 
KJA exists since there comes a compromise between 
the drop of RBA,HS and the gain of a2 against a. Since 
KJA is linearly correlated to the thermal performance 
of the LEDs, the increment of KJA with a implies TJ 
increases with a. This agrees with our initial 
perception on the array design. Since there are 
maximum allowable junction temperature TJ,max [K] 
and minimum achievable junction temperature TJ,min 
[K] for different a, there exists maximum thermal 
bound aT,max [m] and minimum thermal bound aT,min 
[m] for the pitch design. 

 

Figure 6. Effect of a on KJA for different β 
 

Figure 7. Effect of a on KJA for different tfin 
 
Practical Design Space 

The practical design space falls within both 
the optical and thermal bounds, wherein the thermal 
performance of the array bears meaningful design 
value. Assuming m [US$] is the cost for each LED, 
the total cost of the array C [US$] can be correlated 
to a as: 

 

2a
mAnmC =⋅=  (16) 

Using Equation (15) and (16) within the design 
space, optimum designs can be justified. 
 
3. Case Study 
 
Problem Definition 

Figure 8 shows a 4ft T8 LED tube design 
which requires a LED array to serve the functioning. 
Assuming the kind of LED is selected and 1mm 
orangic PCB is to be used, the following 
specifications need to be satisfied: 
 

1) F = 2800lm 
2) A = 1200x25 = 30000mm2 
3) TA = 30°C 
4) ηf = 70lm/W 
5) fmax = 165lm 
6) fmin = 30lm 
7) RJB = 15K/W 
8) r1 = 4mm 
9) tcu = 0.035mm 
10) ncu = 2 
11) hnat = 8W/m2-K 
12) TJ,max = 130°C 
13) m = US$3 
 

 
 

Figure 8. Effect of a on KJA for different β 
 
Design Space Determination 

Using Equation (10), the optical bounds are 
(aF,min, aF,max) = (18mm, 42mm). TJ against a for β = 1 
(no heat sink) and β = 2 (with heat sink) is plotted in 
Figure 9, by Equation (15). For β = 1, the thermal 
bounds are (aT,min, aT,max) = (18mm, 39mm). For β = 
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2, the thermal bounds become (15mm, 59mm). 
Hence, the practical design space is (18mm, 39mm) 
for β = 1 and (18mm, 42mm) for β = 2. It is shown 
that when the thermal performance of the LED array 
is poor, the optical bounds can not be fully utilized. 
When heat sink is employed to boost the heat 
dissipation capability of the system, the entire optical 
bounds become available for the array design. 
Incorporating Equation (16), Figure 9 can be 
transformed to give the thermal performance-cost 
relation for the LED tube within the design space, as 
illustrated in Figure 10. Two major observations are 
noted from the plot: 1) using more LEDs from the 
lowest cost design effectively improves the thermal 
performance of the array. Yet, the effectiveness drops 
with the further investment; 2) the effect of using 
more LEDs for thermal performance enhancement is  
independent of the heat sink design. Undoubtedly, the 
current optimization methodology allows flexibility 
the consideration of different kinds of LED,  PCB 
designs and heat sink configurations, leading to a 
quick estimation for a cost effective thermal design 
of a LED array which satisfies the necessary 
luminous requirement. 
 

Figure 9. TJ of the LED tube for different a and β 
 

Validation Using Numerical Models 
Using the commercial code ANSYS®, FE 

models are developed to validate the thermal analysis 
performed by the thermal resistance network. For 
simplification, the unit cell is analyzed using a 
quarter model. The LED is lumped into a cylinder 
with its thermal resistance preserved by using an 
effective thermal conductivity. Ten thermal vias of 
300μm are employed to minimize the temperature 
difference within the footprint section. TIM has to be 
used in practical situation, for which 100μm TIM is 
assumed for the thermal connections between the 
LED and the PCB, as well as between the PCB and 
the heat sink. Since a single row of LEDs is assumed 

(one side of the unit cell is set to be 25mm), a 
modified pitch a’ [m] is required to characterize the 
separation between the LEDs by area preservation. 
 

Figure 10. Thermal Performance-Cost Relationship of 
the LED tube for different β 

 

  

 

Figure 11. Details of FE Model 
 
Using element SOLID70, an eight-node 3-D 

element containing temperature as the only degree of 
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freedom, five models with different a’ are solved for 
the two β configurations. Details for the FE models 
are depicted in Figure 11, where the modeling results 
are overlaid on Figure 9. Good agreement is shown 
between the FE and network results, despite there is 
deviation and it increases with a. There are two major 
reasons for the under-estimation of TJ from the 
network approach: 1) the internal thermal resistance 
of the footprint section is neglected from the 
derivation of the network approach. When a gets 
larger, power concentration becomes severe and so 
does the temperature difference within the footprint 
section. The omission of this effect in the network 
makes it under-estimated TJ; 2) the network model is 
developed using the circular fin model which 
assumes axisymmetric temperature distribution, this 
under-estimates the temperature non-uniformity 
induced by the growing rectangular unit cell as a 
increases.   
 
4. Conclusions 
 

An analytical and systematic methodology 
which allows a first order estimation for an optimum 
component spacing of a LED array assembly is 
developed in this study. The assembly concerned 
allows both organic or metal-cored PCB as the LED 
carriers. Different heat sink designs can be attached 
at the back of the PCB for natural cooling 
enhancement. Below lists the characteristics of the 
approach: 
 

 The methodology assumes the optical 
performance as a design criterion, rather than a 
design parameter.  

 With the optical performance taken into 
consideration, it is found that the luminous-
intensity-preserved thermal resistance KJA being 
the critical design parameter which directly 
affects the thermal performance of the array.  

 In addition to the geometric and material 
influences, the current study has accounted for the 
luminous efficiency, which delivers a more 
realistic thermal analysis.  

 Having considered the optical and thermal 
tolerances of the LEDs, the present study has 
defined a practical design space for the 
component spacing optimization. 

 The relationship between the thermal 
performance and the total cost of the array are 
correlated through the component spacing, which 
facilitates design optimization based on an added-
on criterion. 

 

The methodogy has been demonstated 
through the design of a LED tube for the drop-in 
replacement of a 4ft T8 fluorescent lamp. Being 
validated using finite element models, the method 
can be shown an effective and efficient one for 
determination of an optimized LED array design. 
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